Thermal entanglement in a triple quantum dot system by Urbaniak, M. et al.
Thermal entanglement in a triple quantum dot system
M. Urbaniak,1 S. B. Tooski,1, 2 A. Ramsˇak,2 and B. R. Bu lka1
1Institute of Molecular Physics, Polish Academy of Sciences,
ul. M. Smoluchowskiego 17, 60-179 Poznan´, Poland
2Faculty of Mathematics and Physics, University of Ljubljana, and Jozef Stefan Institute, Ljubljana, Slovenia
We present studies of thermal entanglement of a three-spin system in triangular symmetry. Spin
correlations are described within an effective Heisenberg Hamiltonian, derived from the Hubbard
Hamiltonian, with super-exchange couplings modulated by an effective electric field. Additionally
a homogenous magnetic field is applied to completely break the degeneracy of the system. We
show that entanglement is generated in the subspace of doublet states with different pairwise spin
correlations for the ground and excited states. At low temperatures thermal mixing between the
doublets with the same spin destroys entanglement, however one can observe its restoration at
higher temperatures due to the mixing of the states with an opposite spin orientation or with
quadruplets (unentangled states) always destroys entanglement. Pairwise entanglement is quantified
using concurrence for which analytical formulae are derived in various thermal mixing scenarios.
The electric field plays a specific role – it breaks the symmetry of the system and changes spin
correlations. Rotating the electric field can create maximally entangled qubit pairs together with
a separate spin (monogamy) that survives in a relatively wide temperature range providing robust
pairwise entanglement generation at elevated temperatures.
PACS numbers: 03.67.Mn, 73.21.La
I. INTRODUCTION
Entanglement is recognized to be a key resource in
quantum information processing tasks such as quantum
computation, teleportation and cryptography [1]. In re-
cent years the two-qubit entanglement which includes va-
riety of interactions have been studied extensively [2].
However, the three-qubit entanglement states have been
revealed to hold advantage over the two-qubit states in
quantum teleportation [3], dense coding [4] and quan-
tum cloning [5]. DiVincenzo et al. [6] proposed quantum
computations scheme to measure and control states by
logical gates in a three-qubit spin system with exchange
interactions in quantum dots, in which logical qubits are
encoded in the doublet subspace (see also [7, 8]). This
scheme uses the advantage of the decoherence-free sub-
space (DFS) theory in which quantum information en-
coded over the entangled subspace of system states is
robust against decoherence and error processes [9–13].
Recently experimental efforts have been undertaken to
fabricate such triple quantum dot structures and to per-
form coherent spin manipulations [14–16].
Fast reliable spin manipulation in quantum dots is
one of the most important challenges in spintronics and
semiconductor-based quantum information. Recent ex-
periments show that this goal can be better achieved in
electrically gated quantum dot qubits [17, 18]. There
have been ongoing theoretical studies to manipulate spin
properties of triple quantum dot systems [19–22] and to
apply them in the quantum information precessing con-
trolled by external electric field [18, 23]. For the quantum
computing most relevant is the ground-state entangle-
ment and its relation with the spin-spin correlation func-
tions and chirality. However, in realistic systems and for
potential application to quantum information processing,
it is crucial to understand also the entanglement stability
at elevated temperatures, which is one of the main goals
of this paper.
One of the significant goals for quantum computing
and quantum communication is to find an entangled
source in solid state systems at a finite temperature. The
problem of entanglement between two qubits interacting
via the Heisenberg interaction at a nonzero temperature
was investigated by Nielsen [24]. A similar problem of
the variation of entanglement with temperature and mag-
netic field in a one dimension finite Heisenberg chain were
studied by Arnesen et al. [25], and they used for the first
time the notion of thermal entanglement. Thereafter,
the issue of entanglement in thermal equilibrium states
has been the subject of a number of papers dealing with
different aspects of the problem [26–30].
Recently experimental efforts have been undertaken to
fabricate such triple quantum dot (TQD) structures [14–
16] and to perform coherent spin manipulations accord-
ing to the scheme proposed by DiVincenzo et al [6]. It
was shown that the quantum states of a coded qubit in a
TQD indeed can be manipulated by tuning the gate volt-
ages. Laird et al. [16] demonstrated experimentally the
initialization, coherent exchange, and readout of a coded
qubit based on TQD with three electrons by adopting a
specific pulsing technique [17] that was first exploited to
demonstrate coherent exchange and readout in a double
dot system. Also TQD system with a triangular sym-
metry to observe spin frustration [31] was created and
a state of single electron spin using single shot readout
technique [32] was measured. Measuring single spins in
many spins systems is the next goal that would allow to
check results presented in this paper. To our knowledge,
although several studies in the literature describe the en-
tanglement in a three-qubit system [30], the thermal en-
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2Figure 1: Scheme of three quantum dots (qubits) in triangular
symmetry under an effective electric filed E and a homoge-
neous magnetic field B.
tanglement manipulated by an external electric field has
not been considered so far. Here we present both analyti-
cal and numerical analysis of the thermal entanglement of
triple quantum dots as a three-spin qubit described by an
effective Heisenberg Hamiltonian at thermal equilibrium
in the presence of both external magnetic and electric
fields whose magnitude and direction provide additional
degrees of freedom to control the entanglement. Since
there is no unique measure of entanglement for tripartite
entanglement [33, 34], we have calculated monotone con-
currence [35] as a measure of entanglement between two
qubits of the three-qubit spin system. Then we study the
combined influence of magnetic field strength and direc-
tion of electric field on entanglement of the system.
We also determine critical temperature T0 for a chosen
set of parameters of the system, beyond which concur-
rence vanishes in agreement with Ref.[36]. However, the
concurrence can be a nonmonotonic function of temper-
ature: at low temperatures regime the thermal mixing
destroys the entanglement, while at higher temperatures
one still can observe partial restoration of the entangle-
ment. The studies add a new useful tool for manipulating
the entanglement of the three-qubit Heisenberg model.
II. MODEL OF THREE SPINS IN A QUANTUM
DOT SYSTEM
We consider a model of three quantum dots (sites) in
triangular geometry (Fig.1) with three electrons, and the
system is under influence of a homogeneous magnetic
field. The system is described by the Hubbard Hamil-
tonian [21, 23]:
Hˆ =
∑
i,σ
˜iniσ + t
∑
i 6=j,σ
(c†iσcjσ + h.c.) + U
∑
i
ni↑ni↓
− gµBBz
∑
i,σ
σniσ. (1)
We assume that at each quantum dot a single energy
level i is accessible for electrons. In an experiment the
position of i can be shifted in a fully controllable way
by potentials applied to local gates. Since the symmetry
of the system is essential in our considerations, it is more
suitable to introduce an effective electric field E and ex-
press i ≡ ˜0 + eE · ri (see Fig.1). Here, e denotes the
electron charge and ri is the vector to the i-quantum dot.
Later we will use ˜0 ≡ 1 + 2 + 3 = 0 and express the
polarization term as ˜i ≡ eE ·ri = gE cos[θ+(i−1)2pi/3],
gE = eEr, ri = r - a length of ri, θ - an angle between
the electric field E and r1. The second term in Eq. (1)
describes the electron hopping between the nearest quan-
tum dots. To make our considerations more transparent
we assume that hopping is the same tij = t for each pair
{ij}. The third term is the onsite Coulomb interaction of
electrons with opposite spins on the quantum dots. The
last term is the spin interaction with an external mag-
netic field - the Zeeman term. Here µB denotes the Bohr
magneton, g is the electron g-factor and the magnetic
field Bz is taken to be in the plane of the system - along
the z-axis. (The magnetic field oriented perpendicular
to the plane can lead to circulation of spin supercurrents
which make the bipartite concurrence uniform [23]. This
aspect will not be considered in the paper.)
If the onsite Coulomb interaction U is much greater
than the other parameters t and gE , we can operate in the
space of singly occupied states transforming the Hubbard
Hamiltonian to an effective Heisenberg Hamiltonian
Hˆeff =
∑
i<j
Jij
(
Si · Sj − 14
)
− h
∑
i
Szi , (2)
where h = gµBBz. The first term describes the superex-
change coupling [37] (see also [38]) between spins with the
parameter Jij calculated to the third order in t/U [39]:
Jij =
4t2
U
+ 4t
2(˜j − ˜i)2
U3
+ 8t
3(2˜m − ˜i − ˜j)
U3
, (3)
where i, j,m are 3 different indices of the quantum dots
and ˜i is the local single electron level shifted by the
electric field. (The parameters Jij can be derived also
for a general case with different hoppings tij – see [39].)
The electric field is responsible for symmetry breaking in
the system varying the superexchange parameters Jij .
The states for three spins can be constructed from the
two spin states, singlets and triplets, by adding an elec-
tron [21, 40]. As a result one gets the quadruplet mani-
fold and two doublet states with the total spin S = 3/2
and S = 1/2, respectively. The quadruplet states with
Sz = +3/2,+1/2 are:
|Q3/2〉 =| ↑↑↑〉 , (4)
|Q1/2〉 = 1√3 (| ↓↑↑〉+ | ↑↓↑〉+ | ↑↑↓〉) , (5)
and similarly the states |Q−3/2〉, |Q−1/2〉 with the op-
posite spin direction. The quadruplet states with Sz =
3±1/2 are the W states. The doublet states (1/2DSz ) with
Sz = ±1/2 can be constructed from the base states:
|D1/2〉1 = 1√2 (| ↑↑↓〉 − | ↑↓↑〉) , (6)
|D1/2〉2 = 1√6 (2| ↓↑↑〉 − | ↑↑↓〉 − | ↑↓↑〉) , (7)
and similarly the states |D−1/2〉1, |D−1/2〉2 with the op-
posite spin direction. Notice that |DSz 〉1 is constructed
from the singlet on the sites {23} and adding an elec-
tron to the site 1, while |DSz 〉2 is built from triplets
on the sites {23} and adding an electron to the site 1.
These base states constitute a doublet subspace used in
DiVincenzo’s scheme [6] for quantum computation based
on three quantum semiconducting dot qubits (see also
[8]). All four doublet eigenstates in the system can be
expressed as:
|D±Sz 〉 = cosϕ± |DSz 〉1 + sinϕ± |DSz 〉2 . (8)
The phase ϕ± is given by the relation:
cotϕ± = J12 − 2J23 + J31 ± 2∆√
3(J31 − J12)
, (9)
where ∆ is given by Eq. (13). The symmetry of ϕ± de-
pends on the choice of the base of doublet states Eq. (6)
and Eq. (7).
The existence of electric and magnetic field breaks the
fourfold degeneracy of quadruplet and doublet states in
the symmetric system. Solving the eigenvalue problem
for the effective Hamiltonian Eq. (2) one finds the ener-
gies:
EQSz =− hSz , (10)
ED±
Sz
=− 32J ±
1
2∆− hSz , (11)
for quadruplet and doublets, respectively. Here,
J =(J12 + J23 + J31)/3, (12)
∆ =
√
J212 + J223 + J231 − J12J31 − J12J23 − J31J23.
(13)
∆ is responsible for splitting of eigenstates due to the
presence of electric field. Therefore we call this effect as
the spin Stark effect [23]. A scheme of energy levels split
by the magnetic field h is shown in Fig. 2.
Experimentally it is possible to obtain similar system
of three quantum dots [41] but in reality it will never be
perfectly symmetrical resulting in different hopping in-
tegrals tij and different Ui on each dot. However if the
canonical transformation is uses for the general case [39]
one can nevertheless get any desired value of Jij by mod-
ifying local dot potentials ˜i .
Notice that there are no processes for transition be-
tween the subspaces with the total spin S = 1/2 and
0
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Figure 2: Scheme of energy levels with the Zeeman splitting of
the doublet (D±±1/2) and the quadruplet (Q±3/2,±1/2) states.
Red dashed arrows show two considered situations of thermal
mixing of states with raising temperature in the system. The
first one is for weak magnetic field h  ∆ and the second is
for strong magnetic field (∆ h < 3J0/2). Here J0 ≡ 4t2/U
and we assume ∆ J0
.
S = 3/2 for our model (2). The doublet subspace is the
decoherence free subspace (DFS) [12, 13] and entangle-
ment encoded in this subspace is robust against decoher-
ence with electrodes (an external bath system). This is
a main advantage of the quantum computation scheme
proposed by DiVincenzo et al. [6].
III. SPIN CORRELATIONS AND
ENTANGLEMENT
We assume that the considered spin system is in ther-
mal equilibrium with the environment and is described
by the density matrix [42]:
ρ =
8∑
α=1
zα|ψα〉〈ψα|, (14)
where zα = e−βEα/Z are the Boltzmann factors with
Z =
∑
α zα, β = 1/kBT , Eα are eigenenergies and the
corresponding eigenvectors are |ψα〉 ∈ {|D−1/2〉, |D−−1/2〉,
|D+1/2〉, |D+−1/2〉, |Q3/2〉, |Q1/2〉, |Q−1/2〉, |Q−3/2〉}. We
would like to study entanglement between spins on two
sites {ij} in the considered three qubit system. To this
end we use the reduced density matrix ρij = Trm6=i,j [ρ],
which in the standard basis {↑↑, ↑↓, ↓↑, ↓↓} is expressed
as:
ρij =
µij 0 0 00 ξij γij 00 γij νij 0
0 0 0 δij
 . (15)
4Explicitly for the effective Heisenberg Hamiltonian
Eq. (2) the elements γij , µij and δij are expressed as:
µij =
1
3[(zD
+
1/2
− zD−1/2) cos(θ˜ij) + zD1/2 ]
+ zQ3/2 +
zQ1/2
3 ,
γij =[(zD+ − zD−)2 cos(θ˜ij)− zD]
+
zQ1/2 + zQ−1/2
3 ,
δij =
1
3[(zD
+
−1/2
− zD−−1/2) cos(θ˜ij) + zD−1/2 ]
+ zQ−3/2 +
zQ−1/2
3 ,
(16)
where
zD ≡ zD−−1/2 + zD+−1/2 + zD−+1/2 + zD++1/2 ,
zD± ≡ zD±−1/2 + zD±+1/2 , (17)
zD±1/2 ≡ zD+±1/2 + zD−±1/2 .
In Eq. (16) θ˜ij = 2ϕ− + qij , ϕ− is the phase given by
Eq. (9) and qij = {0,−2pi/3, 2pi/3} for site pairs {ij} =
{23, 13, 12}, respectively. The form of qij comes from
the chosen symmetry of the base states Eq. (6), Eq. (7).
In derivation of Eq. (16) the relation: cos (2ϕ− + qij) =
− cos (2ϕ+ + qij) was used which can be proved using
Eq. (9) and Eq. (13).
We use concurrence Cij as a measure of pair-wise en-
tanglement [35], which is given by Cij = max{Λij =
λmax −
∑
i λi, 0}, where λi are eigenvalues of the matrix
ρij · ρ˜ij and ρ˜ij = (σy
⊗
σy) ·ρ∗ij ·(σy
⊗
σy) is spin flipped
matrix. For spin rings and the density matrix of the form
Eq. (15) concurrence can be expressed as [43]:
Cij = 2 max{|γij | −
√
µijδij , 0} . (18)
In further investigations of thermal entanglement we
use the parameters Eq. (16) for the effective Heisenberg
model Eq. (2) with superexchange couplings. The exact
solutions of thermal concurrence together with the analy-
sis of several special cases and relationships between spin
correlation function and concurrence will be presented
below. It is worth to notice that these results are valid
for general case of any Heisenberg model, in which one
can change symmetry of the spin system by a modulation
of exchange couplings Jij .
A. Ground state
First we present studies for entanglement in the ground
state, which will be a reference system for further stud-
ies of thermal entanglement when temperature leads to
mixing with excited states. For magnetic field 0 < h <
3J0/2 the ground state is |D−1/2〉 = cosϕ− |D1/2〉1 +
sinϕ− |D1/2〉2 (see Fig.2). The symmetry of the sys-
tem is controlled by orientation of the electric field, by
its angle θ. Using Eq. (18) and Eq. (16) one can easily
show that Cij reads:
Cij =
1
3
∣∣2 cos(θ˜ij) + 1∣∣ . (19)
Comparing with a spin-spin correlation function:
〈Si · Sj〉 = 14
[−2 cos(θ˜ij)− 1] (20)
one finds the following relation [23]:
Cij =
4
3 |〈Si · Sj〉|. (21)
As a result it appears that in this case, the concurrence
and the expectation value for the spin correlation func-
tion contain the same quantum information.
The plot of concurrence C23 Eq. (19) as a function of θ
is shown in Fig. 3. Here we choose the pair {2, 3} because
it is most convenient for the doublet basis Eq. (6)-Eq. (7).
Due to the symmetry one can obtain identical plots for
C12 and C13 shifting the plot for C23 by θ = ±2pi/3.
The parameters for numerical computations were taken:
Coulomb repulsion U = 20, hopping integral t = 1 and
electric field strength gE = 1, which ensure the require-
ment of U  t, gE for the canonical transformation to
Heisenberg Hamiltonian. For this strength of the elec-
tric field the parameter θ˜23 ≈ θ. One can see that the
concurrence reaches maximum C23 = 1 when the electric
field is perpendicular to the considered pair and oriented
towards the site 1. Then the local electron energy is mini-
mal and the coupling J23 is maximal, J23 > J12 = J13. In
this case the ground state of the system becomes |D1/2〉1
Eq. (6) which describes singlet on the pair {23} and sep-
arated spin at the site 1. This means monogamy, because
the concurrence between the other sites, C12 = C13 = 0
[44]. Two minima C23 = 0 at θ = 2pi/3 and 4pi/3 cor-
respond to singlets on pairs {12} and {13}, respectively.
Additionally one can see local maximum of Cij = 1/3 at
θ = pi corresponding to the situation when the local elec-
tron energy is maximal and the coupling J23 is minimal,
J23 < J12 = J13, with the ground state |D1/2〉2, Eq. (7),
and the correlation between the spins is ferromagnetic,
〈S2 · S3〉 = +1/4. Notice that switching the orientation
of electric field from θ = 0 to θ = pi causes a rotation
of DiVincenzo’s qubit from the state |D1/2〉1 to |D1/2〉2.
In the following we will investigate how these features
survive thermal mixing with excited states.
B. Mixed states
For finite temperature T > 0 we assume that the sys-
tem is in thermal equilibrium and the states are popu-
lated according the Boltzmann factor zα. Note that for
a non-degenerate ground state the thermal entanglement
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Figure 3: Plot of concurrence C23 for the doublet ground
state |D−1/2〉 as a function of angle θ of electric field. The insets
show the orientation of electric field (red arrow) in relation
to the considered pair for θ = 0 and θ = pi, when concur-
rence becomes maximal C23 = 1 and C23 = 1/3, respectively.
Parameters used for computation: U = 20, gE = 1, t = 1.
at T = 0 is identical to the entanglement of the ground
state considered in previous subsection. The arrange-
ment of eigenenergies Eα in this case mainly depends on
the magnetic field h (see Fig. 2). On the other hand
the doublet states |D±±1/2〉 Eq. (8) depend on the angle
of electric field θ which modulates parameters ϕ± and
corresponding θ˜ij . We would like to show how the con-
currence Cij(θ) for the ground state Eq. (19) changes
with an increase of temperature T , resulting in mixing
with excited states, for different magnetic fields h. In
particular, two cases of weak and strong magnetic field
will be considered, as they correspond to different order
of eigenstates that qualitatively change system thermal
properties and entanglement.
Using Eq. (18) and Eq. (16) we derive a general formula
for the concurrence taking into account mixing with all
states:
Cij =
1
3
[∣∣zD − 2(zQ−1/2 + zQ+1/2)− 2(zD+ − zD−)
× cos(θ˜ij)
∣∣− 2√K↓ijK↑ij ] , (22)
where
K↑ij =zD+1/2 + zQ+1/2 + 3zQ+3/2
− (zD−+1/2 − zD++1/2) cos(θ˜ij) (23)
and similarly K↓ij with opposite spin direction. Here the
Boltzmann coefficients are described by Eq. (17). Be-
cause the electric field acts only on doublets states, the
concurrence Eq. (22) becomes independent on θ when the
doublets |D−Sz 〉 and |D+Sz 〉 are thermally mixed, i.e., for
zD− ≈ zD+ .
Dependence of the concurrence on magnetic field is
presented on the h-T plots in Fig. 4 for the case θ = 0
Figure 4: Contour plot for concurrence C23 in the h-T plane
for an angle (a) θ = 0 and (b) θ = pi of electric field. The
dashed (red) curve corresponds to T0 when C23 = 0 and the
white area shows the unentangled region with C12 = 0. Pa-
rameters used for computation: U = 20, gE = 1, t = 1, which
give J0 ≡ 4t2/U = 0.2, ∆ ≈ 0.006 = 0.03J0.
and pi, which correspond to the electric field E perpendic-
ular to the bond {23} and directed from and to the site 1,
respectively. In the absence of the magnetic field (h = 0)
the states with opposite spin orientations are degenerated
and equally populated. In the ground state the concur-
rence is given by Cij(T = 0, h = 0) = max{cos(θ˜ij), 0}.
Switching on the magnetic field removes degeneracy and
results in a large increase of concurrence up to h < ∆.
For higher magnetic fields the doublets |D−1/2〉 and |D+1/2〉
with the same spin orientations play a crucial role in
low temperatures. Concurrence Cij(T ) increases with h,
because the larger Zeeman splitting makes weaker ther-
mal mixing. For a very large magnetic field, h > 3J0/2,
the unentangled quadruplet Q3/2 is the ground state and
hence the concurrence diminishes for very strong mag-
netic fields [25, 45]. In this range the concurrence is ex-
ponentially small due to thermal excitations to the dou-
blets.
An interesting result is presented in Fig. 4(b) where the
concurrence shows a nonmonotonic temperature depen-
dence, first at low temperatures it decreases to zero and
one observes restoration of entanglement at high tem-
peratures. We show below that this is an effect of a spe-
6Figure 5: Contour plot for concurrence C23 in the θ-T
plane (a) for a weak [h = 0.5∆ ≈ 0.015J0], and (b) strong
[h = 1.4J0] magnetic field. The two magnetic field regimes
corresponds to dashed arrows on energy plot 2. Parameters
are the same as in Fig.4.
cific interplay between entanglement of the ground state
|D−1/2〉 and the excited state |D+1/2〉.
Fig. 5 shows contour plots of C23 in the plane of θ
and T for two different values of magnetic field h, weak
(h < ∆) and strong (∆  h < 3J0/2). One can see
two local maxima C23 = 1 and C23 = 1/3 for the angles
θ = 0 and θ = pi, as well as two minima with C23 = 0
at θ = 2pi/3 and 4pi/3. For weak magnetic field C23(T )
monotonously decreases with an increase of T , while for
high magnetic field C23(T ) is a nonmonotonic function at
θ = pi but it is still monotonic at θ = 0. Let us analyze
thermal entanglement in these two cases in details.
Weak magnetic field At low temperatures one can
consider mixing of two states only: the ground state
|D−1/2〉. These states have the same symmetry (with the
same phase ϕ−) but opposite spin orientation. In this
case one can take into account only the Boltzmann coef-
ficients zD−1/2 and zD−−1/2 in Eq. (22) and write the con-currence as:
Cij = max
{1
3
∣∣2 cos(θ˜ij) + 1∣∣
− 23
√
zD−1/2
zD−−1/2
[
1− cos(θ˜ij)
]
, 0
}
. (24)
Comparing this result with the concurrence Eq. (19) for
the ground state one can see that the second term in
Eq. (24) describes reduction of the concurrence due to
thermal mixing of the states. Notice that for cos(θ˜ij) = 1
the mixing term vanishes and Cij = 1 is sustained. It
means that thermal entanglement is resistant to temper-
ature rise till the higher energy states (|D+±1/2〉) become
populated.
The reduction term is proportional to
[zD−1/2zD−−1/2 ]
1/2 ≈ e−βh/2. This result may be compared
to the one obtained by Gunlycke et al. [46] for the
Ising model in a perpendicular magnetic field, where
the thermal mixture of two pure qubit states cause the
reduction of concurrence proportional to e−βh. Such a
result is valid for any thermal mixing of pure states |ψn〉
with no spin-flip overlap, i.e. for 〈ψn|σy
⊗
σy|ψm〉 = 0.
In our case, however, spin-flip overlap of mixed stated
does exist and the reduction of entanglement is lower, as
e−βh/2.
At high temperatures kBT  h all states are pop-
ulated and one may assume total mixing between the
states with the opposite spins i.e.: zD−1/2 = zD−−1/2 = z−,
zD+1/2
= zD+−1/2 = z+ as well as zQ±3/2 = zQ±1/2 =
zQ. Then a mixed state of the system can be writ-
ten in the form: ρ = z−ρ− + z+ρ+ + zQρQ, where
ρ± =
∑
Sz
|D±Sz 〉〈D±Sz | and ρQ =
∑
Sz
|QSz 〉〈QSZ |. Par-
tial concurrences of those constituent states: Cij(ρ±,Q) =
max{Λ±,Qij , 0} can be used to express concurrence Cij(ρ):
Cij = max{z+Λ+ij + z−Λ−ij + 3zQΛQij , 0} , (25)
where Λ±,Qij = 2 (|γij | − |µij |) Eq. (18). It shows that
concurrence is expressed as thermal redistribution with
additional factor 3 for quadruplet states. Using Eq. (16)
we get
Cij = max{(z− − z+) cos(θ˜ij)− zQ, 0} . (26)
Strong magnetic field For the case of strong magnetic
field (∆ < h < 3J0/2) we have at low temperatures a
mixture of two lowest states D−1/2 and D
+
1/2 with the same
spin orientation. The symmetry of these states is differ-
ent and characterized by different phases ϕ− and ϕ+. In
this limit the concurrence Eq. (22) can be expressed as
Cij =
1
3
∣∣∣(zD−1/2 − zD+1/2)2 cos(θ˜ij) + (zD−1/2 + zD+1/2)∣∣∣ .
(27)
Here the dependence on θ˜ij exhibits specific interplay be-
tween entanglement in the doublet states. For cos(θ˜ij) >
0 (i.e. for θ ∈ [0, 2pi/3] and θ ∈ [4pi/3, 2pi] in the case pre-
sented in Fig. 5) the concurrence decreases monotonously
with increasing T . On the other hand, if cos(θ˜ij) < 0
(for θ ∈ [2pi/3, 4pi/3] in Fig. 5), the entanglement domi-
nated by the excited state is larger than the one of the
ground state. In this range the expectation value of the
spin correlation function 〈Si · Sj〉D−1/2 > 0 for the state
7|D−1/2〉, whereas the expectation value 〈Si · Sj〉D+1/2 < 0
for the state |D+1/2〉. The specific interplay between en-
tanglement of both states leads to a reduction of Cij
to zero for small T , and its reconstruction for higher T
as entanglement coming from the excited state becomes
dominant. One can calculate the critical temperature
kBT0 = ∆/ ln 3 at which Cij = 0 due to perfect compen-
sation of the both contributions from the state D−1/2 and
D+1/2.
Similar situation when entanglement is restored one
can observe for very strong magnetic field h > 3J0/2 with
quadruplet |Q3/2〉 as the ground state [25, 45]. Quadru-
plet is unentangled state but for higher T doublets be-
come populated which results restoration of concurrence.
Spin-spin correlation functions One can also find the
formula for spin-spin correlation functions for the mixed
state Eq. (18) which reads:
〈Si · Sj〉 = 14(−zD + zQ + 2(zD+ − zD−) cos(θ˜ij)). (28)
Comparing general formula for concurrence Eq. (22) and
spin-spin correlation functions Eq. (28) one can see that
it is not possible to simply relate them in a general
case. However, at small temperature T and magnetic
field ∆ < h < 3J0/2 only doublets |D±+1/2〉 with spin up
are populated (see the energy plot in Fig. 2) and the
relation between Cij and 〈Si · Sj〉 can be expressed as:
Cij = 43 |〈Si ·Sj〉| as for the case of ground state Eq. (21).
On the other hand, in the case of very small h T when
the Zeeman spitting is negligible and the states with op-
posite spin direction are equally populated, the relation
changes to Cij = max
{−2〈Si · Sj〉 − 12 , 0}[26]. In the
general case the relation between Cij and 〈Si · Sj〉 lies
somewhere between those two extrema
max{−2〈Si · Sj〉 − 12 , 0} ≤ Cij ≤
4
3 |〈Si · Sj〉| . (29)
IV. SUMMARY
Summarizing, we have investigated thermal pairwise
entanglement in a triangular system of three coherently
coupled semiconducting quantum dots. Spin correla-
tions have been described within the effective Heisen-
berg Hamiltonian in which exchange coupling constants
are derived from the Hubbard model using the canoni-
cal perturbation theory and tracing out double occupied
states. The investigations included the Zeeman splitting
caused by the magnetic field as well as symmetry break-
ing by the electric field (the spin Stark effect). We have
shown that spin entanglement is generated by the dou-
blet states. Rotating the electric field one can change
the entanglement, creating maximum entanglement in a
chosen pair of qubits together with a separate uncoupled
spin (a spin dark state). For a specific symmetry one can
set the system in the ground state either in state |D1/2〉1
(for θ = 0) or in state |D1/2〉2 (for θ = pi) and by manipu-
lating the orientation θ of the electric field one can easily
prepare the qubit in a desired state on the Bloch sphere.
Our studies of entanglement indicate that the poles on
the Bloch sphere (corresponding for |D1/2〉1 and |D1/2〉2)
are the most stable and easiest to prepare (see Fig.3).
In small clusters of coupled electrons with strong
Coulomb repulsion it is not uncommon to find states cor-
responding to perfectly entangled qubit pairs. However,
in general such states can be unstable with respect to
charge fluctuations, coupling to energetically near states
excited due to elevated temperature, small external mag-
netic fields or due to the coupling to external charge reser-
voirs. In this paper we concentrated to the properties of
charge-transfer isolated TQD, but in contact with ther-
mal bath in the presence of an external magnetic field,
while the analysis of the influence of the charge-transfer
coupling to external leads will be presented elsewhere.
As expected, at finite temperatures the entanglement
will in general be reduced due to thermal mixing with
excited states. In particular, our studies show that the
state |D1/2〉1 is robust on thermal mixing and stable for
relatively large temperatures (see Fig. 4 and 5). In con-
trast the state |D1/2〉2 is less stable on temperature. For
a high temperature the excited states (with different pair-
wise correlations between spins) will come into the play.
Concurrence depends on relative thermal occupation of
both states and it can be a non-monotonic function of
temperature. At the regime of very low temperatures
and not too large magnetic field (the ground state is dou-
blet), thermal mixing reduces the concurrence. However,
at higher temperatures, the entanglement can be restored
due to spin correlations in the excited state. As expected,
thermal mixing between the doublets with opposite spin
orientation, Sz = +1/2 and Sz = −1/2, reduces the en-
tanglement. Quadruplets (the unentangled states) lead
to total destruction of entanglement.
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